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ABSTRACT

By applying a new model for the dynamical magnetic turbulence, we calculate parallel and perpendicular mean
free paths of heliospheric cosmic rays. The results are compared with different observations and previous theoretical
calculations. It is the main conclusion of this paper that we can achieve agreement between theory and observations if
we employ realistic turbulence parameters. Motivated by previous work, we also discuss nonlinear effects in cosmic-
ray transport theory.

Subject headingg: cosmic rays — diffusion — turbulence

1. INTRODUCTION

The understanding of the interaction between cosmic rays and
turbulent electromagnetic fields is one of the fundamental prob-
lems of astrophysics. Of particular interest is the diffusion tensor
for particle transport parallel and perpendicular to the ordered
magnetic field, which controls, e.g., the penetration and modula-
tion of low-energy cosmic rays in the heliosphere, the confine-
ment and escape of Galactic cosmic rays from the Galaxy, and
the efficiency of diffusive shock acceleration mechanisms. In axi-
symmetric turbulence, only the parallel and the perpendicular
mean free paths must be known to achieve a full description of
spatial transport of cosmic rays.

An early treatment of particle transport employed the quasi-
linear theory (QLT; Jokipii 1966) for a simple magnetostatic slab
model. Palmer (1982) compared the predictions of this model for
the parallel mean free path with heliospheric observations and
noted two major problems:

1. Magnitude problem: the observed parallel mean free paths
are typically much larger than the predicted QLT results.

2. Flatness problem: the observed parallel mean free paths are
generally constant with a rigidity-independent mean free path for
0.5–5000 MV, but QLT predicts that the mean free path should
increase with increasing rigidity (kk � R1/3).

Bieber et al. (1994) suggested a composite slab/two-dimensional
model in dynamical turbulence to achieve agreement between
theory and observations. Bieber et al. (1994) used the so-called
damping model of dynamical turbulence (DT model), where the
dynamical correlation function is an exponential function with
a simple approximation for the correlation timescale. Although
the agreement between this model and observations is acceptable
(see also Dröge 2000), there are several unanswered questions.
First the DT model applied in Bieber et al. (1994) and Dröge
(2000) is a simple model of the interactions responsible for the
temporal decorrelation and can be seen as a crude approxima-
tion. Furthermore, the DT model does not take into account the
plasma wave character of the turbulence. The third problem is the
most difficult problem: it was demonstrated in test particle sim-
ulations (e.g., Qin et al. 2002a, 2002b) and in several theoretical

considerations (e.g., Völk 1973; Shalchi et al. 2004b; Shalchi
2005b; Qin et al. 2005) that nonlinear effects play a crucial role
if diffusion coefficients are calculated.
In this paper we revisit the Palmer consensus by considering a

more modern turbulence model to describe dynamical turbu-
lence and plasma wave propagation effects. We call this model
the nonlinear anisotropic dynamical turbulence (NADT) model,
which is explained in x 2.2. It is the purpose of this paper to com-
pute scattering mean free paths in the NADT model and to com-
pare theoretical results of the NADT model with other models
and heliospheric observations. The new model, which could be
seen as an improvement of theDTmodel, also contains the plasma
wave character of the turbulence.
Besides the parallel mean free path, the mean free path per-

pendicular to the magnetic background field can also be obtained
from observations (e.g., Palmer 1982). For a long time perpen-
dicular diffusion was considered an unsolved problem of particle
astrophysics. Previous approaches like the application of QLT
(Jokipii 1966; field line random walk limit) or the BAM model
(Bieber & Matthaeus 1997) failed to reproduce simulated per-
pendicular diffusion coefficients (Giacalone & Jokipii 1999; Qin
et al. 2002a, 2002b). Recent analyses such as the compound-
diffusion model (Kóta & Jokipii 2000) and the direct investi-
gation of the equations of motion (Shalchi 2005a) were able to
describe subdiffusion in the slab model, but they cannot describe
the recovery of diffusion in nonslab models. Only the recently de-
rived nonlinear guiding center theory (NLGC theory; Matthaeus
et al. 2003) and theweakly nonlinear theory (WNLT; Shalchi et al.
2004b), which can be understood as a unification of NGLC theory
andQLT, can reproduce the simulated diffusion coefficients. In the
current paper we employ the NLGC approach because this theory
is more tractable than WNLT. Although NLGC theory is different
from the QLT approach, it allows a straightforward calculation of
the perpendicular mean free path.
Because of recent test particle simulations (Qin et al. 2002a,

2002b, 2005) and theoretical considerations (Shalchi et al. 2004b),
we expect that nonlinear effects are also important for parallel
transport if a nonslab model is assumed. Furthermore, it has been
known since the early 1970s (e.g., Völk 1973) that magnetostatic
QLT is invalid for pitch-angle scattering close to 90

�
. Thus, the

importance of nonlinear effects is discussed throughout the whole
paper.
In x 2 we present the NADT model for composite slab/two-

dimensional geometry and compare it with other models for the
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dynamical correlation function. In x 3 we use QLT to calculate
the pitch-angle Fokker-Planck coefficient and the parallel mean
free path. In x 4 we use these results to calculate the perpen-
dicular mean free path by applying NLGC theory. A compar-
ison between the new theoretical results and observations is the
subject of x 5, and the importance of nonlinear effects is dis-
cussed in x 6.

2. THE NONLINEAR ANISOTROPIC DYNAMCIAL
TURBULENCE MODEL FOR COMPOSITE
SLAB/TWO-DIMENSIONALTURBULENCE

The key input into a cosmic-ray transport theory like QLT is
the tensor Plm , which describes the correlation of the turbulent
magnetic fields:

Plm(k; t) ¼ h�Bl(k; t)�B
�
m(k; 0)i: ð1Þ

Therefore the k-dependence and the time-dependence of the cor-
relation tensor Plm(k, t) have to be specified, which is done in
xx 2.1 and 2.2.

2.1. Composite Slab/Two-Dimensional Turbulence Geometry

For mathematical simplicity we employ the often used com-
posite slab/two-dimensional model for the turbulence geometry
(Bieber et al. 1994, 1996), which has been proposed as a realistic
approximation for actual turbulence in the solar wind (Matthaeus
et al. 1990; Bieber et al. 1996). In the composite model the cor-
relation tensor is a superposition of a pure slab and a pure two-
dimensional model. Therefore, we can write the total correlation
tensor as

Plm(k; t) ¼ P
0; slab
lm (k)�slab(kk; t)þ P

0; 2D
lm (k)�2D(k?; t); ð2Þ

with the dynamical correlation functions�slab(kk, t) and�
2D(k?, t)

and the time-independent correlation tensors P
0; slab
lm and P 0; 2D

lm
.

The tensors P
0; i
lm are determined by the turbulence geometry and

thewave spectrum,whereas the functions�i(k, t) describe dynam-
ical effects. In equation (2) we used the magnetostatic correlation
tensor for the pure slab case,

P
0; slab
lm (k) ¼ gslab(kk)

�(k?)

k?

�lm � klkm

k2
; l;m ¼ x; y;

0; l or m ¼ z;

8<
: ð3Þ

and the magnetostatic correlation tensor for the pure two-
dimensional case,

P
0; 2D
lm (k) ¼ g2D(k?)

�(kk)

k?

�lm � klkm

k2
; l;m ¼ x; y;

0; l or m ¼ z:

8<
: ð4Þ

In equations (3) and (4) we assumed the case of vanishing mag-
netic helicity. The tensor for pure two-dimensional cases was
defined in the same way as in Bieber et al. (1994, 1996). Such a
two-dimensional model assumes that �Bz ¼ 0, which is slightly
different from the model that was used in Shalchi & Schlickeiser
(2004b) where �Bz 6¼ 0. The functions gslab and g2D are the wave
spectra for pure slab and pure two-dimensional geometry, re-

spectively. For both we assume a power-law spectrum with en-
ergy, inertial, and dissipation range (see Fig. 1):

gslab(kk)¼
C(�)

2�
lslab�B

2
slab

(1þ k 2
k l

2
slab)

��; kk� kslab;

(1þ k 2
slabl

2
slab)

��(kslab=kk)
p; kk� kslab;

(

ð5Þ

g2D(k?)¼
2C(�)

�
l2D�B

2
2D

(1þ k 2
?l

2
2D)

��; k? � k2D;

(1þ k 2
2Dl

2
2D)

��(k2D=k?)
p; k? � k2D:

(

ð6Þ

In both parts of the power spectrum we used the function
C(�) ¼ 2

ffiffiffi
�

p
ð Þ�1

�(�)/�(� � 1/2).
Furthermore, we used the slab bendover scale lslab ; the two-

dimensional bendover scale l2D; the slab dissipation wavenum-
ber kslab ; the two-dimensional dissipation wavenumber k2D; the
strength of the slab and the two-dimensional contribution to the
turbulent fields, �Bslab and �B2D, respectively; the inertial range
spectral index s ¼ 2�; and the dissipation range spectral index p.
In addition, the two dynamical correlation functions � slab(kk, t)
and �2D(k?, t) have to be determined, which is done below.

2.2. The NADT Model for the Dynamical
Correlation Functions

In earlier treatments of dynamical turbulence, the decorrela-
tion factors �i(k, t) were established using simple approxima-
tions to the interactions responsible for temporal decorrelation of
excitations near wavevector k. In random sweeping and damp-
ing models, for example, a single parameter is introduced to es-
timate the rate of decorrelation at scale 1/k, and this is assumed
to be related to the large-scale Alfvén speed (see Table 1). In
the plasma wave model the decorrelation rate is associated with
oscillations at the Alfvén wave frequency. To improve these
models, we note that in recent years there has been a more com-
plete understanding of the timescales of MHD turbulence (e.g.,
Zhou et al. 2004) and the relation these may have to interac-
tions between excitations that may be associated with either low-
frequency or wavelike components of the turbulence spectrum
(Matthaeus et al. 1990; Tu &Marsch 1993; Oughton et al. 2006).
In the context of the two-component model, these ideas may

Fig. 1.—Power spectrum used for our calculations.We used a general spectrum
with energy, inertial, and dissipation range. The dissipation wavenumber ki (with
i ¼ slab, two-dimensional) divides the inertial range from the dissipation range.
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be used to determine reasonable approximations to the functions
�slab(kk, t) and �2D(k?, t) that appear in equation (2).

These are to be interpreted as the time decorrelation rates of the
fluctuations near the wavevector k, normalized by the associated
energy, and are related to the ordinary two-time (Eulerian) correla-
tion functionE(t) ¼ h�Bl(x; t)�B

�
l (x; 0)i through

R
d 3k Pll(k; t) ¼

E(t). Clearly �(k; 0) � 1, while limt!1�(k; t) ¼ 0. In various
forms these dynamical decorrelation functions occupy a central
role in analytical turbulence closures (see, e.g., Zhou et al. 2004).

In establishing timescales for MHD turbulence a crucial dis-
tinction is between those fluctuations having more wavelike dy-
namics and those havingmore hydrodynamic or ‘‘zero frequency’’
dynamics. For fluctuations that are predominantly incompressible
(such as the solar wind), this characterization requires compar-
ing estimates of the wave period with estimates of the nonlinear
timescale, or eddy turnover time.When the wave timescale is the
shorter of the two, wave effects are significant even when there is
turbulence. If the nonlinear timescale is shorter, the nonlinear
effects should dominate, and the wave effects are expected to be
weaker.

In a practical sense, in which the spectrum is not made up of
pure symmetry components, one would group with the slab pop-
ulation those wavevectors for which decorrelation occurs due to
wave propagation, assumed here to be Alfvénic in character.
This leads to a factor in �slab of an oscillatory nature, with the
angular frequency given by ! ¼ �vAkk. In addition, the slab-
like component experiences resonant nonlinear triad interactions
with the low-frequency two-dimensional component, as discussed
by Shebalin et al. (1983) and Oughton et al. (1994). These inter-
actions are characterized by a nonlinear time computed from the
two-dimensional turbulence, without further wave influence (due
to the resonance). For simplicity, we can estimate this influence by
the global two-dimensional nonlinear timescale, � 2D

nl ¼ ��1l2D/Z,
where Z is the two-dimensional turbulence amplitude (Oughton
et al. 2006),� is a constant of order 1 related to theKarman-Taylor
constants associated with the decay of the turbulence, and l2D is
the spectral bendover scale of the two-dimensional component.

For the two-dimensional component, one reasonably groups
together all the fluctuations for which the wavelike propagation
effects are weak. Therefore, in constructing �2D, no oscillatory
factor need appear. For k? sufficiently small, the two-dimensional
fluctuations lie in the non-self-similar energy-containing range,
and the estimate for the decorrelation rate is again the global rate
1/� 2D

nl . For smaller two-dimensional fluctuations the decorrela-
tion can be estimated using a steady inertial range k�5/3

? approx-
imation, which is essentially what enters the steady Goldreich &
Sridhar (1995) spectral theory. In this case the nonlinear time-
scale � 2D

nl (k?) ¼ 1/(k?uk? ), where the turbulence amplitude uk? ¼
k?E(k?)½ 	1/2 for two-dimensional steady inertial range wavenum-
ber spectrum E(k?) � k�5/3

? . This timescale is shorter than that
of the energy-containing range and varies with k? according to
� 2D
nl (k?) ¼ � 2D

nl /(k?l2D)2/3.

Assembling these results, we obtain a new, more realistic
model for �slab and �2D, which we call the nonlinear anisotropic
dynamical turbulence (NADT)model. For the function�slab(k?, t)
we have

�slab(kk; t) ¼ e�� slabte i!t; ð7Þ

with

�slab ¼ (� 2D
nl )�1 ¼ � ¼ �

Z

l2D
; ð8Þ

and with the plasma wave dispersion relation of shear Alfvén
waves,

! ¼ jvAkk: ð9Þ

The parameter j is used to track the wave direction ( j ¼ þ1 is
used for forward and j ¼ �1 for backward to the ambient mag-
netic field–propagating Alfvén waves). A lot of studies have
addressed the direction of propagation of Alfvénic turbulence;
see, for instance, Bavassano (2003). In general one would expect
that closer to the Sun, most waves should propagate forward, and
far away from the Sun, the wave intensities should be equal for
both directions. In the current paper we are interested in turbu-
lence parameters at 1 AU. Thus, we simply assume that all waves
propagate forward, and we therefore set j ¼ þ1.
For the function �2D(k, t) we have

�2D(k?; t) ¼ e�� 2Dt; ð10Þ

with

� 2D ¼ �
1; k?l2D � 1;

(k?l2D)
2=3; k?l2D � 1:

�
ð11Þ

The parameter Z in equation (8) can be expressed by the strength
of the two-dimensional component �B2D/B0 and the Alfvén speed
vA:

Z ¼
ffiffiffi
2

p �B2Dffiffiffiffiffiffiffiffiffiffi
4��d

p ¼
ffiffiffi
2

p
vA

�B2D

B0

; ð12Þ

and we find

� ¼
ffiffiffi
2

p
�
vA
l2D

�B2D

B0

: ð13Þ

The model defined above takes into account the plasma wave
character of the turbulence. In order to determine the transport
coefficients of the isotropic part of the particle distribution func-
tion, as the parallel mean free path, we must restrict our calcu-
lations to 	 ¼ vA/vT1 (Schlickeiser 2002). In turn we employ
the NADTmodel to determine the parallel mean free path within
the quasi-linear approach. Transport perpendicular to the back-
ground field is considered in x 4.

3. THE QUASI-LINEAR PARALLEL MEAN FREE PATH

In the current paper we employ QLT to calculate the paral-
lel mean free path. QLT can be seen as a first-order perturbation
theory in the small parameter �B/B0 . Whereas it was shown pre-
viously (e.g., Michalek & Ostrowski 1996) that QLT is accurate,
even if �B 
 B0, if we assume slab geometry and a wave spec-
trum without dissipation range, it was realized by more recent
test particle simulations that for nonslab models and for steep

TABLE 1

Previous Models for the Dynamical Correlation Function

Model �(k, t)

Magnetostatic model.................................................................. 1

Damping model of dynamical turbulence................................. e��vA jkjt

Random sweeping model .......................................................... e�(�vAkt)
2

Plasma wave model for shear Alfvén waves ............................ e�ivAkk t

Note.—Here vA is the Alfvén velocity, and � is a parameter that allows one
to adjust the strength of dynamical effects.
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wave spectra, nonlinear effects are important and QLT is no
longer accurate. In this section we simply assume the validity of
QLT for the turbulence model considered in the current paper,
but we refer to x 6 where nonlinear effects in cosmic-ray trans-
port theory are discussed.

According to Jokipii (1966), Hasselmann&Wibberenz (1968),
Earl (1974), and Shalchi (2006), the parallel mean free path results
from the pitch-angle cosine average of the inverse pitch-angle
Fokker-Planck coefficient D

 as

kk ¼
3v

8

Z þ1

�1

d

(1� 
2)2

D

(
)
: ð14Þ

Within the composite model the total Fokker-Planck coefficient
can bewritten as a superposition of the pitch-angle Fokker-Planck
coefficient for pure slab and pure two-dimensional geometry,

Dtotal


 (
) ¼ Dslab



 (
)þ D2D


(
): ð15Þ

Therefore, we must calculate both contributions. According to
Teufel & Schlickeiser (2002, eq. [25]) the pitch-angle Fokker-
Planck coefficient can be written as

Di


(
) ¼

�2(1� 
2)

2B2
0

;

Z
d 3k

Xþ1

n¼�1

Z
d 3k

�
J 2
nþ1

k?v?
�

� �
P
0;i
RR(k)

þ J 2
n�1

k?v?
�

� �
P
0; i
LL (k)� Jnþ1

k?v?
�

� �
Jn�1

k?v?
�

� �

; P
0; i
RL(k)e

þ2i� þ P
0; i
LR(k)e

�2i�
h i�

Ri
n(k); ð16Þ

if we use helical coordinates

�BL ¼ 1ffiffiffi
2

p �Bx þ i�By

� �
;

�BR ¼ 1ffiffiffi
2

p �Bx � i�By

� �
; ð17Þ

and if we neglect electric fields. In equation (16) we used the
resonance function

Ri
n(k) ¼ Re

Z 1

0

dt e�i(kkvkþn�) t�i(k; t)

� 	
: ð18Þ

In turn we evaluate equation (16) for pure slab and pure two-
dimensional geometry.

3.1. The Pitch-Angle Fokker-Planck Coefficient
for Pure Slab Geometry

For pure slab geometry we have, according to Teufel &
Schlickeiser (2002, eq. [33]),

P0
RR ¼ P0

LL ¼ g slab kk
� � � k?ð Þ

k?
;

P0
RL ¼ P0

LR ¼ 0; ð19Þ

if we assume vanishing magnetic helicity. For the pitch-angle
Fokker-Planck coefficient we then find

Dslab


 ¼ ��2 1� 
2ð Þ

B2
0

Z þ1

�1
dkk g

slab kk
� � X

n¼�1

Rslab
n kk
� �

: ð20Þ

The resonance function for pure slab has the form

Rslab
n kk
� �

¼ Re

Z 1

0

dt e�iðkkvkþn�Þt�slab kk; t
� �� 	

: ð21Þ

With �slab(kk; t) ¼ e��te ivAkkt, the integral in equation (21) is el-
ementary, and we obtain

Rslab
n ¼ �

� 2 þ kkvk þ n�� vAkk
� �2 : ð22Þ

With this Breit-Wigner-type resonance function, the slab Fokker-
Planck coefficient can be written as

Dslab


 ¼2��2 1�
2ð Þ

B2
0

Z 1

0

dkkg
slab kk
� �X

n¼�1

�

� 2þ kkvkþn�� vAkk
� �2 :

ð23Þ

With the integral transformation x ¼ lslabkk and with the param-
eters R ¼ RL/lslab ¼ v/(�lslab) and 	 ¼ vA/v, we obtain

Dslab


 ¼ 2�(1� 
2)

B2
0lslab

;

Z 1

0

dxg slab kk ¼
x

lslab

� �X
n¼�1

�

(�=�)2þ xR(
� 	)þn½ 	2
:

ð24Þ

The slab spectrum of equation (5) can be written as

g slab(x) ¼ C(�)

2�
lslab�B

2
slabh

slab(x); ð25Þ

with

hslab(x) ¼
(1þ x2)��; x � �slab;

1þ � 2slab
� ��� �slab

x

� �p

; x � �slab;

8<
: ð26Þ

where we used �slab ¼ lslabkslab. Then we find for the dimen-
sionless Fokker-Planck coefficient D̃ slab



 ¼ lslab /vð ÞD slab


 ,

D̃ slab


 ¼ C(�)(1� 
2)

R

�B2
slab

B2
0

;

Z 1

0

dx hslab(x)
X
n¼�1

�=�

(�=�)2 þ xR(
� 	)þ n½ 	2
:

ð27Þ

The parameter �/� can be expressed by

�=� ¼
ffiffiffi
2

p
�	�

�B2D

B0

R �
ffiffiffi
2

p
�
vA
v

RL

l2D

�B2D

B0

; ð28Þ

where we used � ¼ lslab /l2D. A numerical investigation of the in-
tegral of equation (27) is time-consuming, and therefore we pre-
sent analytical approximations of equation (27) in the Appendix.
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3.2. The Pitch-Angle Fokker-Planck Coefficient
for Pure Two-Dimensional Geometry

According to Shalchi & Schlickeiser (2004b, eq. [13]), we
have for pure two-dimensional geometry,

P0
LL ¼ P0

RR ¼
1

2
g k?ð Þ

� kk
� �
k?

;

P0
RL ¼� 1

2
g k?ð Þ

� kk
� �
k?

e�2i�;

P0
LR ¼� 1

2
g k?ð Þ

� kk
� �
k?

eþ2i�; ð29Þ

with equation (16) we obtain for the two-dimensional pitch-
angle Fokker-Planck coefficient,

D2D


 ¼

2��2(1� 
2)

B2
0

Z 1

0

dk? g2D(k?)
Xþ1

n¼�1
R2D
n (k?)

n2J 2
n (W )

W 2
;

ð30Þ

with

W ¼ k?v

�

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 
2

p
¼ k?RL

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 
2

p
ð31Þ

and the resonance function

R2D
n ¼ Re

Z 1

0

dt e�in�t�2D(k?; t)

� 	
: ð32Þ

With�2D(k?; t) ¼ e�� 2Dt, the resonance function can be rewritten
as

R2D
n ¼ Re

Z 1

0

dt e�in�t�� 2Dt

� �
¼ � 2D

(� 2D)2 þ (n�)2
; ð33Þ

and we obtain for the pitch-angle Fokker-Planck coefficient

D2D


 ¼

2��2 1� 
2ð Þ
B2
0

;

Z 1

0

dk? g2D k?ð Þ
Xþ1

n¼�1

� 2D

� 2Dð Þ2 þ n�ð Þ2
n2J 2

n Wð Þ
W 2

:

ð34Þ

With the approximation of Shalchi&Schlickeiser (2004b, eq. [19]),

X1
n¼1

n2

n2 þ y2
J 2
n (x) 


x2

2

1

x2 þ 2y2 þ 2
; ð35Þ

D2D


 can be simplified to

D2D


 ¼ 2�(1� 
2)

B2
0

Z 1

0

dk? g2D(k?)
� 2D

W 2 þ 2(� 2D=�)2 þ 2
:

ð36Þ

Using the integral transformation x ¼ k?l2D and � ¼ lslab/l2D, we
obtain

D2D


 ¼

2�(1� 
2)

B2
0 l2D

Z 1

0

dx g2D k? ¼ x

l2D

� �

;
� 2D

xR�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 
2

p
 �2
þ 2(� 2D=�)2 þ 2

: ð37Þ

The two-dimensional spectrum of equation (6) can be written
as

g2D ¼ 2C(�)

�
l2D�B

2
2Dh

2D(x); ð38Þ

with

h2D(x) ¼
1þ x2ð Þ��

; x � �2D;

1þ �22D
� ��� �2D

x

� �p

; x � �2D;

8><
>: ð39Þ

where we used �2D ¼ l2Dk2D. Then we find for the dimension-
less Fokker-Planck coefficient D̃2D



 ¼ lslab /vð ÞD2D


 ,

D̃2D


 ¼

4C(�)(1� 
2)

R

�B2
2D

B2
0

;

Z 1

0

dx h2D(x)
�̃ 2D

xR�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 
2

p
 �2
þ 2 �̃ 2Dð Þ2þ 2

; ð40Þ

with

�̃ 2D ¼ � 2D

�
¼ �

�

1; x � 1;

x2=3; x � 1:

�
ð41Þ

The integrals can be solved numerically. Together with the slab
results of x 3.1, we can determine the total Fokker-Planck coef-
ficient in a composite slab/two-dimensional geometry. If we ex-
press the parallel mean free path by the dimensionless pitch-angle
Fokker-Planck coefficients, we find for composite geometry,

kk ¼
3

4
lslab

Z 1

0

d

(1� 
2)2

D̃slab


 (
)þ D̃2D



(
)
: ð42Þ

To replace D̃slab


 and D̃2D



, we can use equations (27) and (40).
Together with the analytical approximations for D̃slab



 presented in
the Appendix, it is straightforward to calculate the parallel mean
free path numerically, which is done in x 5.

4. THE NONLINEAR PERPENDICULAR
MEAN FREE PATH

In x 3 we only considered parallel spatial diffusion, but par-
ticle propagation in the direction perpendicular to the back-
ground field is not less important. Here we employ the recently
proposed NLGC theory (Matthaeus et al. 2003) to compute the
perpendicular mean free path. In NLGC theory the parallel mean
free path is simply an input parameter into an integral equation
that determines the perpendicular mean free path. According to
Shalchi et al. (2004a) this integral equation can be written as

�? ¼ a2v2

3B2
0

(Z
d3k P0;slab

xx (k)

;

Z 1

0

dt e
�vt=kk�k 2

?�?t�k 2
k �ktRe �slab kk; t

� �� 
þ
Z

d3k P0;2D
xx (k)

;

Z 1

0

dt e
�vt=kk�k 2

?�?t�k 2
k �ktRe �2D k?; tð Þ

� �
: ð43Þ
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Applying equations (7) and (10),

Re �slab kk; t
� �� 

¼ cos (!t)e��slabt;

Re �2D k?; tð Þ
� 

¼ e�� 2Dt; ð44Þ

and using Z 1

0

dt e
�vt=kk�k 2

?�?t�k 2
k �kt cos (!t)e��t

¼
v=kk þ k 2

?�? þ k 2
k �k þ �

v=kk þ k 2
?�? þ k 2

k �k þ �

 �2

þ !2

; ð45Þ

we obtain

�?¼ a2v2

3B2
0

"Z
d 3k P0; slab

xx (k)
v=kk þ k 2

?�?þ k 2
k �k þ �slab

v=kk þ k2?�?þ k2k�k þ �slab

 �2

þ !2

þ
Z

d 3k P0; 2D
xx (k)

1

v=kk þ k 2
?�? þ k 2

k �k þ � 2D

#
:

ð46Þ

With equations (3) and (4) for P0; slab
xx and P0; 2D

xx , with both the
wave spectra of equations (25) and (38), and by applying kk ¼
3/vð Þ�k and k? ¼ 3/vð Þ�?, we finally find

k?
kk

¼ 2a2C �ð Þ
 
�B2

slab

B2
0

Z 1

0

dx

; hslab xð Þ
1þ k2k= 3l 2slab

� �h i
x2 þ kk=v

� �
� slab

1þ k2k= 3l 2slab
� �h i

x2þ kk=v
� �

� slab

n o2
þ 	kk=lslab
� �

x
� 2

þ �B2
2D

B2
0

Z 1

0

d x h2D xð Þ 1

1þ kkk?= 3l 22D
� �� 

x2þ kk=v
� �

� 2D

!
:

ð47Þ

To replace � slab and � 2D, we can use

kk
v
� slab ¼

kk
Rlslab

�

�
ð48Þ

and

kk
v
� 2D ¼

kk
Rlslab

�

�

1; x � 1;

x2=3; x � 1:

�
ð49Þ

The parameter � is defined in equation (13), and for a2 we as-
sume a2 ¼ 1

3
. This choice of the parameter a2 was suggested by

Matthaeus et al. (2003) to achieve agreement between NLGC
theory and test particle simulations in magnetostatic turbulence.
A theoretical justification of a2 ¼ 1

3
has not been given so far. A

numerical investigation of equation (47) is straightforward, and
the results are presented together with the QLT results for par-
allel diffusion in x 5.

5. NUMERICAL RESULTS WITHIN THE NADT MODEL

In this section we evaluate the formulas for the mean free paths
derived in xx 3 and 4 numerically for the parameter set of Table 2,
which should be appropriate for interplanetary conditions at 1AU.

All formulas are dependent on the parameter 	, which can be ex-
pressed as

	 ¼ vA
v

¼ vA
c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
0 þ R2

p
R

; ð50Þ

with

R0 ¼
1

lslabB0

0:511 MV; for e�;

938 MV; for pþ:

�
ð51Þ

For the heliospheric parameters considered in the current paper,
we have for electronsR0(e

�) 
 9:2 ; 10�5 and protonsR0( p
þ) 


0:169. Because we must take into account the restriction 	 ¼
vA/vT1 (see end of x 2.2), we can only consider rigidities that
satisfy the following condition:

R3
R0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c=vAð Þ2� 1

q 
 R0

vA
c
: ð52Þ

For vA ¼ 33:5 km s�1, we find for electrons the restriction
R(e�)3 10�8 and for protons R( pþ)32 ; 10�5. Therefore,
the proton results presented in the current paper could be invalid
for R( pþ) � 2 ; 10�5.

In turn we compare NADT results with observations and with
other turbulence models. Furthermore, we discuss the depen-
dence of kk and k? on different turbulence parameters.

5.1. Pitch-Angle Diffusion within the NADT Model

Figure 2 shows the pitch-angle Fokker-Planck coefficients
calculated within the NADT model. In general the pitch-angle
Fokker-Planck coefficient is no longer equal to zero at 90

�
(
 ¼ 0)

as in the magnetostatic model, so that we no longer obtain an in-
finitely large, parallel mean free path as in magnetostatic models.
It should be noted, however, that QLT itself is questionable close
to 90�. By considering Figure 2 we find that, at least for protons,
pitch-angle scattering close to 90� is very strong due to the dy-
namical effects. Therefore, one could assume that nonlinear ef-
fects that also lead to nonvanishing pitch-angle scattering at 90�

could be neglected (see discussions is x 6.1).
5.2. Parallel and Perpendicular Diffusion

in Comparison with Observations

Here we present theoretical results for the parallel and perpen-
dicular mean free paths obtained within the NADT model. We

TABLE 2

Parameters Used for our Numerical Calculations

Parameter Symbol Value

Inertial range spectral index ....................... 2� 5/3

Dissipation range spectral index................. p 3

Alfvén speed ............................................... vA 33.5 km s�1

Slab bendover scale .................................... lslab 0.030 AU

2D bendover scale ...................................... l2D 0.1lslab
Slab dissipation wavenumber ..................... kslab 3 ; 106 AU�1

2D dissipation wavenumber ....................... k2D 3 ; 106 AU�1

Mean field ................................................... B0 4.12 nT

Turbulence strength .................................... �B/B0 1

Slab fraction................................................ �B2
slab 0.2�B2

2D fraction .................................................. �B2
2D 0.8�B2

Notes.—The values should be appropriate for heliospheric parameters at
1 AU. If a parameter is different from the values below, we note this separately
in the corresponding figures and discussions.
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compare our new results with the Palmer consensus (Palmer
1982), Jovian electrons (Chenette et al. 1977), Ulysses measure-
ments of Galactic protons (Burger et al. 2000), and pickup ion ob-
servations (Gloeckler et al. 1995, Möbius et al. 1998).

5.2.1. Parallel Mean Free Paths in Comparison with the Palmer
Consensus and Pickup Ion Observations

In Figure 3 we show the parallel mean free path in comparison
with observations. Our results are not much different from results
obtained within the DT model (damping model of dynamical tur-
bulence, Bieber et al. 1994), but here the two-dimensional con-
tribution to the Fokker-Planck coefficient plays a crucial role (see
xx 5.4 and 5.6). Palmer (1982) concluded that the parallel mean
free path for rigidities between 0.5 and 5000 MV is 0:08 AU �
kk � 0:3 AU (but see also Reames 1999). According to Figure 3,
our new theoretical results agree very well with the Palmer con-
sensus range.

In addition to the Palmer results we compare our results also
with pickup ion observations:

1. Gloeckler et al. (1995) concluded from Ulysses observa-
tions that the parallel mean free paths of pickup protons is 2 AU
at 2.4 MV rigidity (they stated conservatively that kk is of order
1 AU, but actually they obtained the best fit for 2 AU). It should
be noted that this observation was at high heliographic latitudes
and at a heliocentric distance of 2.34 AU; these differences
should be remembered when comparing with observations at
Earth orbit.
2. Möbius et al. (1998) concluded from Active Magneto-

spheric Particle Tracer Explorers (AMPTE) spacecraft observa-
tions that the parallel mean free paths of pickup helium ranges
from 0.16 to 0.76 AU at 5.6MVrigidity in the data they analyzed.

Both results are also shown in Figure 3. The Möbius et al. (1998)
observations are close to our theoretical results, but the Gloeckler
et al. (1995) measurements are much larger than our theoretical
predictions. We expect that the reason for this discrepancy is that
the Gloeckler et al. (1995) observation was at high heliographic
latitudes and at a heliocentric distance of 2.34 AU. For such con-
ditions the turbulence parameters are expected to be quite differ-
ent from the values we used for our theoretical calculations (see
Table 2). For example, if we would decrease the strength of tur-
bulence �B/B0, we would obtain a much larger parallel mean free
path. Therefore, we expect that the Gloeckler et al. (1995) and the
Möbius et al. (1998) observations can be reproduced by changing
the turbulence parameters.

5.2.2. Perpendicular Mean Free Paths in Comparison
with Jovian Electrons and Galactic Protons

In Figure 4 we show perpendicular mean free paths at 1 AU
calculated with NLGC theory within the NADTmodel compared
with observations. Our new results agree very well with observa-
tional determinations from Jovian electrons (Chenette et al. 1977)
and Ulysses measurements of Galactic protons (Burger et al.
2000). Palmer (1982) concluded that an average perpendicular
diffusion coefficient at 1 AU of �?c/v 
 1021 cm2 s�1 and there-
fore k? 
 0:0067AU. In this paper the author pointed out that the
spread around this average was rather large. Thus, the Palmer re-
sult for k? agrees with our new theoretical results.

Fig. 2.—Pitch-angle Fokker-Planck coefficient calculated within the NADT model for protons (dashed line) and electrons (solid line). The magnetostatic
dissipationless model is also shown (dotted line). The left panel shows a linear and the right panel a logarithmic plot of the dimensionless pitch-angle Fokker-Planck
coefficient D̃

 as a function of the pitch-angle cosine 
. All results are for a nearly pure slab geometry (�B2

slab /B
2
0 ¼ 0:9) and for small rigidities, R ¼ 10�4.

Fig. 3.—Parallel mean free path kk. Shown are QLT results for electrons
(solid line) and protons (dashed line) in comparison with different observa-
tions: Palmer consensus (Palmer 1982, box), Ulysses observations (Gloeckler
et al. 1995, circle), and AMPTE spacecraft observations (Möbius et al. 1998,
vertical line).
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5.2.3. The Ratio k?/kk in Comparison with the Palmer Consensus

In addition, the ratio k?/kk can be compared with observations
of Palmer (1982). By combining the average values for k? (see
x 4) with the Palmer consensus values for kk, we find that 0:02 �
k?/kk � 0:083. As shown by Figure 5, the theoretical results of
the present paper agree verywell with the Palmer consensus. QLT
was not applied for perpendicular transport within the NADT
model, but from Shalchi & Schlickeiser (2004a) we expect a
rather large value (k? /kk � 103), which does not agree with ob-
servations. This is one reason why we conclude that QLT is not
appropriate for describing perpendicular transport (see further
comments in x 6.3).

5.3. The Influence of the Plasma Wave Dispersion Relation

In general NADT results are different from magnetostatic re-
sults because of two reasons:

1. The dynamical effects described by the exponential func-
tions e�� slabt and e�� 2Dt in the dynamical correlation functions
cause resonance broadening. Such resonance broadening effects
have a strong influence on the Fokker-Planck and spatial diffu-
sion coefficients, at least for pitch angles close to 90�.

2. The plasmawave dispersion relation, which only enters the
slab dynamical correlation function by the factor e i!t, causes a
shift in the resonance condition.

All calculations presented in this paper were done with both
effects, but we repeated all calculations by setting ! ¼ 0. By
comparing results with and without the plasma wave dispersion
relation !, we noted a coincidence between all mean free paths
except for the proton results of Figure 9 where we find a slight
influence of ! (see comments in x 5.6). Therefore, we come to
the conclusion that within the NADT model plasma wave ef-
fects can be neglected for most parameter regimes.

5.4. Influence of Bendover Scales

The values of parallel and perpendicular bendover scales are
not fully understood at present, although most indications would
suggest that lslab � l2D. There are indications from laboratory ex-
periments, such as Robinson&Rusbridge (1971), that the parallel
correlation scale may bemuch larger (�10 times) than the perpen-

dicular scale in an evolving magnetofluid plasma. This issue is
also related to the dynamical development of anisotropy (Shebalin
et al. 1983; Oughton et al. 1994) in which shorter correlation
scales in the perpendicular direction appear due to the suppression
of spectral transfer along the mean magnetic field.

In Figure 6 we show the parallel mean free path for different
values of the ratio � ¼ lslab/l2D. For equal bendover scales (� ¼ 1)
and for � ¼ 10, which is the expected value, the theoretical par-
allel mean free path agrees with the Palmer observations. The im-
portance of the parameter � indicates that the two-dimensional
contribution to the pitch-angle Fokker-Planck coefficient is im-
portant and cannot be neglected. This matter is further discussed
in x 5.6. Figure 7 shows the �-dependence of the ratio k?/kk.

5.5. Comparison with the Damping Model
of Dynamical Turbulence

Here we compare NADT results with the parallel mean free
path calculated within the DT model proposed by Bieber et al.
(1994). For the calculations of the parallel mean free path within

Fig. 4.—Perpendicularmean free path k?. Shown are results for electrons (solid
line) and protons (dashed line) in comparison with Jovian electrons (Chenette et al.
1977, square), Ulysses measurements of Galactic protons (Burger et al. 2000,
circles), and the Palmer (1982, horizontal line) value.

Fig. 5.—Ratio k?/kk. Shown are QLT results for electrons (solid line) and
protons (dashed line) in comparison with observations (Palmer 1982, box).

Fig. 6.—Parallel mean free path kk for different values of � ¼ lslab/l2D. We
employed QLT to compute the mean free path for electrons with � ¼ 1 (solid
line), electrons with � ¼ 10 (dashed line), protons with � ¼ 1 (dash-dotted
line), and protons with � ¼ 10 (dotted line).
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the damping model, we used the analytical results for the pitch-
angle Fokker-Planck coefficients of Teufel & Schlickeiser (2003)
and Shalchi & Schlickeiser (2004b). Using equation (14), the cal-
culations of the parallel mean free path were done numerically to
achieve a higher accuracy. As shown in Figure 8, the DT model
provides results that are different from the NADT model. To ob-
tain the DT results, the parameter � (see Table 1) was assumed to
be 1.

5.6. Influence of the Turbulence Geometry

Here we consider diffusion coefficients for nearly pure slab
(90% slab/10% two-dimensional) and nearly pure two-dimensional
(10% slab/90% two-dimensional) geometry to explore the impor-
tance of the turbulence geometry. First we note that the NADT
results are sensitively dependent on the ratio �Bslab/�B2D, as shown
in Figure 9. Furthermore, we repeated nearly all calculations of the
current paper with the two-dimensional pitch-angle Fokker-Planck
coefficient neglected, and we found that both Fokker-Planck co-

efficients are important. The turbulence geometry has an influence
in two different ways:

1. The correlation time of the NADT model is dependent on
the ratio �B2D/B0 (see eq. [12]).
2. The total Fokker-Planck coefficient is a superposition of

the slab and the two-dimensional contribution and is therefore
dependent on �B2

slab/B
2
0 and �B2

2D/B
2
0.

It is an important result of the current paper that neither effect
can be neglected. Furthermore, the ‘‘bump’’ for the proton re-
sults in the nearly pure slab model comes from the plasma wave
dispersion relation. This is the only case for which we found an
significant influence of plasma wave effects within the NADT
model.

6. INFLUENCE OF NONLINEAR EFFECTS

In some cases QLT is not appropriate for describing cosmic-
ray transport, as shown by numerical test particle simulations
(Qin et al. 2002a, 2002b). According to Shalchi (2005b) there
are three major problems of cosmic-ray transport: the 90� prob-
lem, the geometry problem, and the perpendicular diffusion prob-
lem. In turn we consider each of these problems separately to
discuss the importance of nonlinear effects. These discussions
can give us a hint of how important nonlinear effects are and how
reliable the results of the current paper are.

6.1. The 90
�
Problem

It has been discussed in previous papers (e.g., Völk 1973,
1975; Jones et al. 1973, 1978; Goldstein 1976; Shalchi 2005b)
that QLT disagrees withmagnetostatic slab results obtained from
numerical test particle simulations for pitch angles close to 90

�

(
 
 0). Therefore, a nonlinear description of cosmic-ray trans-
port is necessary. According to Goldstein (1976), resonance-
broadening effects are the most important nonlinear effects for
pitch angles close to 90�, which was confirmed by second-order
QLT calculations done by Shalchi (2005b). Such nonlinear ex-
tensions are mathematically very similar to the resonance broad-
ening caused by the dynamical effects considered in the current
paper. Therefore, one could argue that there is a competition be-
tween nonlinear and dynamical turbulence effects for small values

Fig. 9.—Parallel mean free path kk for different turbulence geometries. Shown
are QLT results for electrons with �B2

slab/B
2
0 ¼ 0:1 (solid line), electrons with

�B2
slab/B

2
0 ¼ 0:9 (dashed line), protons with �B2

slab/B
2
0 ¼ 0:1 (dash-dotted line), and

protons with �B2
slab/B

2
0 ¼ 0:9 (dotted line).

Fig. 7.—Ratio k?/kk for different values of � ¼ lslab/l2D. We employed
NLGC theory to compute the mean free path for electrons with � ¼ 1 (solid line),
electrons with � ¼ 10 (dashed line), protons with � ¼ 1 (dash-dotted line), and
protons with � ¼ 10 (dotted line).

Fig. 8.—Comparison of NADT results for electrons (solid line) and protons
(dashed line) with results of the DT model (Bieber et al. 1994) for electrons
(dash-dotted line) and protons (dotted line).
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of 
. It should be emphasized that this similarity is of a mathe-
matical nature; the physical meaning is quite different.

Because the magnetostatic second-order parallel mean free
path (see Shalchi 2005b) is much larger than the dynamical quasi-
linear mean free path calculated in the current paper, it seems that
nonlinear effects at 90� can be neglected in comparison with dy-
namical effects. It must be the subject of future work to prove this
statement. One possibility to accomplish such a proof is the ap-
plication of second-order QLT to the NADTmodel. Furthermore,
test particle simulations in dynamical turbulence could definitely
allow investigation of the importance of nonlinear effects in more
realistic turbulence models. Previous simulations have been re-
stricted to static turbulence.

6.2. The Geometry Problem

It was demonstrated in Shalchi et al. (2004b) that perpendic-
ular diffusion itself could have a strong influence on pitch-angle
diffusion because it also generates resonance broadening. A the-
ory that takes into account such effects was already derived and
is called WNLT (Shalchi et al. 2004b). In general WNLT calcu-
lations could also be done within dynamical turbulence models,
but such calculations are extremely tedious, and we leave such
an investigation for future work.

It should be noted that this nonlinear effect, which arises be-
cause of the coupling between parallel and perpendicular trans-
port, is strongly parameter dependent. If we assume equal length
scales (l2D ¼ lslab), the quasi-linear parallel mean free path is
close to the upper limit of the Palmer box (see Fig. 6). In this case
the nonlinear effects that are neglected in QLT can decrease the
parallel mean free path, so that we achieve agreement with the
Palmer consensus. In the other extreme case, namely, l2DTlslab,
the QLT parallel mean free path is already close to the lower limit
of the Palmer consensus. In addition, nonlinear effects are very
strong for small values of the two-dimensional bendover scale
(see Shalchi et al. 2004b) and make the parallel mean free path
even smaller. In this case we can no longer reproduce the ob-
servations. Therefore, three steps are essential for the near future:

1. An accurate measurement of the ratio l2D/lslab should be
made. As demonstrated in the current paper, this ratio is one of
the key input parameters into transport theories, especially if a
nonlinear theory is applied.

2. A calculation of the parallel diffusion coefficient within a
nonlinear theory has to be done within dynamical turbulence.

3. Numerical test particle simulations have to be done within
the NADTmodel to investigate the influence of nonlinear effects
in realistic turbulence models.

6.3. The Perpendicular Diffusion Problem

As noted in Matthaeus et al. (2003) and Shalchi et al. (2004b),
a nonlinear description of perpendicular transport is essential.
NLGC theory andWNLT have shown agreement with numerical
test particle simulations. Whereas WNLT does not use some
of the approximations of the NLGC formulation (e.g., neglecting
the gyromotion of the particle), NLGC theory is more tractable
than WNLT. In the current paper we only consider the NLGC
approach because of its better applicability.

It should be noted, however, that WNLTand NLGC are based
on models (Gaussian statistics, exponential form of the velocity
correlation function, diffusion Ansatz) that could become incor-
rect for certain parameter regimes. So far the only case in which a
disagreement between these new theories and simulations was
discovered is that for pure magnetostatic slab geometry, in which
perpendicular transport is subdiffusive (see, e.g., Qin et al. 2002a,

2002b; Shalchi 2005a), which cannot be described by WNLT or
NLGC theory. The reason for the invalidity of both theories for
slab geometry is that the velocity correlation function has a non-
exponential tail as described in Kóta & Jokipii (2000) and Shalchi
(2005a), which was not included in both these approaches.

QLT is not appropriate for describing perpendicular transport.
This statement can be justified by at least three arguments:

1. In themagnetostatic limit QLTshows diffusion for pure slab
geometry (Jokipii 1966; Forman et al. 1974; Shalchi 2005a) and
superdiffusion for the composite model (Shalchi & Schlickeiser
2004a), which disagrees with numerical test particle simulations
in which we find subdiffusion for pure slab and diffusion for
composite geometry. If QLTwould be the correct theory for per-
pendicular transport, it would provide the correct results for the
magnetostatic model.

2. In Shalchi & Schlickeiser (2004a) the quasi-linear perpen-
dicular mean free path was calculated for the DT model. There it
was demonstrated that for heliospheric parameters (e.g., �B/B0 � 1),
the ratio k?/kk reaches extremely large values (k?/kk � 103),
which disagrees with observations (e.g., Palmer 1982; Dwyer
et al. 1997; Zhang et al. 2003; Bieber et al. 2004).

3. QLT uses unperturbed orbits and therefore fails to take into
account the effect of parallel scattering on the particles’ attempt
to follow field lines. For most parameters we expect that per-
pendicular scattering occurs on much larger timescales than par-
allel scattering. Therefore, the assumption of unperturbed orbits
seems to be inappropriate if the perpendicular mean free paths
are calculated.

7. SUMMARY AND CONCLUSION

In this paper we revisit the Palmer consensus. We employ the
quasi-linear approximation and the nonlinear guiding center the-
ory to calculate the mean free paths within the new NADT model
for the dynamical correlation function. A comparison with obser-
vations is presented. We come to the following conclusions:

1. Observed diffusion coefficients in the heliosphere can be
explained by the NADT model.

2. Within the NADTmodel we can no longer neglect the two-
dimensional pitch-angle Fokker-Planck coefficient. Both the slab
and two-dimensional contributions to pitch-angle scattering are
important.

3. A nonlinear description of perpendicular transport is nec-
essary. It is argued in the current paper that QLT is not valid for
transport perpendicular to a background magnetic field. For par-
allel transport, nonlinear effects can also be important depending
on the turbulence parameters.

4. If the NADT model is an accurate turbulence model, we
can neglect the contribution of the plasma wave dispersion rela-
tion to particle diffusion for most parameter regimes. Such ef-
fects are small in comparison to dynamical turbulence effects.

5. The DT model that was considered in Bieber et al. (1994)
and Dröge (2000) provides similar results for certain parameter
regimes but disagrees in general with the NADT model.

6. It is demonstrated that the ratio of the bendover scales
lslab /l2D has a strong influence on the parallel mean free path. In
addition, the importance of nonlinear effects is strongly depen-
dent on this ratio. An accurate determination of this ratio by ob-
servations would be an important step in heliospheric cosmic-ray
physics.

7. To draw a final conclusion regarding the importance of non-
linear effects for parallel transport, numerical test particle sim-
ulations have to be done in dynamical turbulence.
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Within the NADT model in combination with QLT and
NLGC theory, we are, in principle, able to explain observed
diffusion coefficients in the heliosphere. On the other side we
can reproduce numerical test particle simulations only within
recently proposed nonlinear theories for parallel transport.
From simulations and these new theories, we learn that non-
linear effects are also important for parallel transport. There-
fore the new, nonlinear theories must be combined with the
NADT model to study the accuracy of QLT for parallel trans-
port in dynamical turbulence. Furthermore, it is important
to explore the importance of plasma wave damping effects

and electric fields. Such an investigation is a subject of future
work.
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APPENDIX

ANALYTICAL APPROXIMATION OF D̃ slab




According to equation (27), the slab pitch-angle Fokker-Planck coefficient has the form

D̃slab


 ¼ C(�)(1� 
2)

R

�B2
slab
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0
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	)2
�

�
I(�=�;R(
� 	)); ðA1Þ

with

I(�=�;R(
� 	)) ¼
Z 1

0

dx hslab(x)
X
n¼�1

1

(�=�)2 þ xR(
� 	)þ n½ 	2
: ðA2Þ

For the wave spectrum of equation (26) we find
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; ðA3Þ

where we used the spectral index s ¼ 2�. For the last two integrals we apply the transformation x ! x/�slab to find

I (�=�;R(
� 	)) ¼ A(�=�;R(
� 	))þ B(�=�;R(
� 	); s)� �1�s
slabB(�=�;R�slab(
� 	); s)þ �1�s

slabB(�=�;R�slab(
� 	); p); ðA4Þ

with the two integrals

A(a; b) ¼
Z 1

0

dx
1

a2 þ (bxþ 1)2
þ 1

a2 þ (bx� 1)2

� 	
;

B(a; b; s) ¼
Z 1

1

dx
x�s

a2 þ (bxþ 1)2
þ x�s

a2 þ (bx� 1)2

� 	
: ðA5Þ

Here a is a positive real number, whereas b can be positive or negative. The integral A can be solved, and we obtain

A(a; b) ¼ arctan (bþ 1)=a½ 	 þ arctan (b� 1)=a½ 	
ab

: ðA6Þ

The integral B is considered below.

A1. THE INTEGRAL B(A;B; S )

The integral B can be written as

B(a; b; s) ¼ 1

b2

Z 1

1

dx
x�s

(xþ �1)(xþ �2)
þ x�s

(xþ �3)(xþ �4)

� 	
; ðA7Þ
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with

�1 ¼
þ1þ ia

b
;

�2 ¼
þ1� ia

b
;

�3 ¼
�1þ ia

b
;

�4 ¼
�1� ia

b
: ðA8Þ

The function B can be further simplified to

B(a; b; s) ¼ i

2ab

Z 1

1

dx
x�s

xþ �1

�
Z 1

1

dx
x�s

xþ �2

þ
Z 1

1

dx
x�s

xþ �3

�
Z 1

1

dx
x�s

xþ �4

� �
: ðA9Þ

According to Gradshteyn & Ryzhik (2000), these integrals can be expressed by hypergeometric functions,Z 1

1

dx
x�s

xþ �i

¼ 1

s
2F1 1; s; sþ 1;��ið Þ; ðA10Þ

and we therefore obtain

B(a; b; s) ¼ i

2sab
2F1 1; s; sþ 1;��1ð Þ � 2F1 1; s; sþ 1;��2ð Þ½ 	 þ 2F1 1; s; sþ 1;��3ð Þ �2F1 1; s; sþ 1;��4ð Þ½ 	: ðA11Þ

In turn we discuss this formula for different cases.

A2. THE CASE b2 3a2 þ 1

Here the j �i j are small numbers, and we can approximate the hypergeometric functions by (see, e.g., Abramowitz & Stegun 1974)

2F1 1; s; sþ 1;��ið Þ 
 1þ s

sþ 1
�i: ðA12Þ

Combining this result with equations (A8) and (A11), we obtain

B(b2 3a2 þ 1; s) 
 2

(sþ 1)

1

b2
; ðA13Þ

which is the final result of this subsection.

A3. THE CASE b2Ta2 þ 1

In this case the j �i j are large numbers, and we must apply the formula (see, e.g., Abramowitz & Stegun 1974),

2F1(a; b; c; z) ¼
�(c)�(b� a)

�(b)�(c� a)
(�z)�a

2F1 a; aþ 1� c; aþ 1� b;
1

z

� �
þ �(c)�(a� b)

�(a)�(c� b)
(�z)�b

2F1 b; bþ 1� c; bþ 1� a;
1

z

� �
;

ðA14Þ

[if arg (�z)j j < � and a� b 6¼ 0, �1, �2, : : :] to find

2F1 1; s; sþ 1;��ið Þ ¼ �(sþ 1)�(s� 1)

�(s)�(s)
(��i)

�1
2F1 1; 1� s; 2� s;

1

�i

� �
þ �(sþ 1)�(1� s)

�(1)�(1)
(��i)

�s
2F1 s; 0; s;

1

�i

� �
: ðA15Þ

By using �(1) ¼ 1, �(xþ 1) ¼ x�(x), 2F1(s; 0; s; 1/�i) ¼ 1, and by approximating the first hypergeometric function as done in equa-
tion (A12), we obtain

2F1 1; s; sþ 1;��ið Þ 
 s

1� s

1

�i

þ �s

sin (�s)

�1

�i

� �s

: ðA16Þ
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In combination with equation (A11), we find

B(b2Ta2 þ 1; s) 
 2

(s� 1)(1þ a2)
þ i�

2a sin (�s)
bj js�1

E(a; s); ðA17Þ

where we used

E(a; s) ¼ (1þ a2)�s (þ1� ia)s � (þ1þ ia)s þ (�1� ia)s � (�1þ ia)s½ 	: ðA18Þ

The function E must be considered for two different cases.

A3.1. The Case aT1

Here we have

þ1 � iað Þs½ 	a!0 ! 1;

�1þ iað Þs½ 	a!0! �1ð Þs¼ es ln (�1) ¼ eþi�s;

�1� iað Þs½ 	a!0 ! �1ð Þs½ 	�¼ e�i�s; ðA19Þ

and we find

E(aT1; s) 
 1� 1þ e�i�s � eþi�s ¼ 2

i
sin (�s); ðA20Þ

therefore,

B(b2Ta2 þ 1; aT1; s) 
 2

(s� 1)(1þ a2)
þ �

a
bj js�1: ðA21Þ

A3.2. The Case a31

Here we find (note that a is a positive number)

E(a31; s) � O
1

as

� �
; ðA22Þ

and therefore,

B(b2Ta2 þ 1; a31; s) 
 2

(s� 1)(1þ a2)
þ �

a
bj js�1

O
1

as

� �


 2

(s� 1)(1þ a2)
þ �

a2
O

bj js�1

as�1

 !
: ðA23Þ

In the case considered here we have b2Ta2, and we always assume s > 1. Therefore, we have

B(b2Ta2 þ 1; a31; s) 
 2

(s� 1)(1þ a2)
: ðA24Þ

A4. SUMMARY

We derived the following three cases for the function B,

B(b2 3a2 þ 1; s) 
 2

(sþ 1)

1

b2
;

B(b2Ta2 þ 1; aT1; s) 
 2

(s� 1)(1þ a2)
þ �

a
bj js�1;

B(b2Ta2 þ 1; a31; s) 
 2

(s� 1)(1þ a2)
: ðA25Þ

Together with equations (A1), (A4), and (A6), we can simplify the slab pitch-angle Fokker-Planck coefficient D

. By applying
the methods presented in Teufel & Schlickeiser (2002, 2003), it would be straightforward to derive analytical results forD

 and kk. In
the current paper the focus is more on a comparison between theory and observations, and we therefore abstain from such time-
consuming analytical calculations.
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